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Abstract
Nonmetricity derived from a scalar field is shown to exist as a cosmic field,
without direct coupling to matter. It leads to a variable cosmological term, a
term that dominates the expansion in the early universe but dies away at later
time.
1 Introduction
The Dirac equation and General Relativity are two of the greatest achievements of the
last century, and it did not take long to bring them together. In General Relativity,
or in local Poincare´ gauge generalizations [1], the equations of gravitation may be
written in terms of tetrads, and the Dirac equation may be written in the tangent
space [2]. The precise coupling is obtained by assuming that the spinors transform
according to the (usually the spin 1/2) representation of SO(1,3). Recently there has
been growing interest in metric affine gravity, which includes torsion and a scalar
field [3]. It is a local gauge theory based on the affine group SL(4R). An unsolved
problem is the correct “Dirac-type” equation invariant under the affine group. The
issue has been discussed in [4], and some believe it is not possible to properly write
the Dirac equation in the case [5].1 In this article I will sidestep this controversy
and consider the Dirac equation in a Weyl integrable spacetime, and investigate some
∗rhammond@email.unc.edu
1The hubbub concerning the correct coupling in metric affine teleparallel theories[6] is not relevant
here.
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consequences of this coupling. This is not assumed to be a metric affine gauge theory,
and we assume that the Dirac equation,
γµDµψ + imψ = 0, (1)
where Dµ = ∂µ + Γµ, is invariant under the local Lorentz transformation
ψ → Sψ = (1 + 1
2
ωab(x)σ
ab)ψ (2)
eµa → eµa + ω ba e µb .
Details may be found in Refs. [1] and [2]. The main point here is that we assume
that the Dirac equation is invariant under the spin one half representation of S(1, 3),
so that
Γ′µ = SΓµS
−1 − S,µS−1 (3)
and
[σmn, σab] = ηnaσmb − ηmaσnb + ηnbσam − ηbmσan, (4)
where σab = (1/2)γ[aγb].
It is well known that the correct form for Γµ turns out to be
Γµ = −1
2
σabΓ
ab
µ (5)
where
Γ cab = e
α
ae
β
be
c
σ Γ
σ
αβ − eαbe cα ,a, (6)
and it is convenient to define the quantity Γ abµ according to Γ
ab
µ ≡ e nµ Γ abn . Latin
indices are raised and lowered with ηab, so for example Γ
bc
a = η
mbΓ cam .
2 Nonmetricity
A cornerstone in the geometric framework that houses General Relativity is the linear
connection, expressed through the covariant derivative according to
2
DµA
σ = Aσ,µ + Γ
σ
µν A
ν . (7)
The object Γ σµν is the linear connection, which was used in (6), more commonly called
the affine connection. The most general form can be written as
Γ σµν = { σµν}+ S σµν + Sσµν + Sσνµ +
1
2
(Q σµν +Q
σ
νµ −Qσµν) (8)
where, on the right, we find the Christoffel symbol,
{ σµν} =
1
2
gσγ(gγµ,ν + gγν,µ − gµν,γ), (9)
the torsion tensor,
S σµν = Γ
σ
[µν] (10)
and the nonmetricity tensor, Q µνσ , which is defined by
∇σgµν ≡ Q µνσ (11)
where it is assumed that the metric tensor is symmetric.
Although it has been established in Refs. [1] and [2] that the torsion is associated
with the intrinsic spin of a particle, the interpretation of the nonmetricicity has not
yet been able to enjoy such a definitive physical association. It was born with Weyl’s
struggle to geometrize electromagnetism, but the theory was found to be unphysical.
The failure of Weyl’s theory extended far beyond his approach, and seemed to taint
the notion of nonmetricity in general. It has received a revival, though, in the metric
affine local gauge theory, where it is associated with the dilaton field in [3].
From a geometric view, nonmetricity is associated with the change in length of a
vector upon parallel transport. The failure of Weyl’s theory stemmed from this change
when it was associated with the electromagnetic potential. A more benign form
assumes that the change in length vanishes upon parallel transport around a closed
path, and is often called Weyl integrable geometry. In this case the nonmetricity
cannot be associated with electromagnetism, and is written as
Qσµν = gµνφ,σ. (12)
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In the following we shall examine the coupling of this field to matter and inves-
tigate its role in cosmology, but this notion has attracted some attention in recent
years. It was already shown in 1996 that cosmology in Weyl integrable spacetimes
can be associated with a scalar field [9], [10], and nonsingular inflationary solutions
were also found [11]. It was also proposed that the dilaton field associated with Weyl
integrable geometry was related to the dark energy [12]. Weyl integrable geometry
with torsion and quadratic Lagrangians has also been investigated [13].
There are knotty issues that tangle the effectiveness of these theories. Often,
there is an unknown function of the scalar field that is added in an ad hoc manner.
Also, the scalar field can, in general, produce forces on particles, and these effects are
often ignored. Associated with this is a careful study of implications of the Bianchi
identity, which leads to the correct physical interpretation of mass, and the equation
of motion. None of these issues arises here due to the noncoupling of nonmetricity to
the Dirac particle.
The main result to be persued now is this: (5) shows that Γµ, and therefore the
covariant derivative, couples to the antisymmetric part of the spin connection, a well
known result in metric theories. Thus, (5) with (8) shows that the nonmetricity does
not couple to the spin connection. This has also been shown to be true from a spinor
analysis.[7] This means that the scalar field, as long as we stick to minimal coupling,
does not couple to spin one half particles.2 What this boils down to is this: the scalar
field will contribute to the curvature of space, but does not produce a direct force on
particles.3
It is important to note that same result (non-coupling of matter to the scalar field)
occurs if, instead of using a Dirac source we examine a phenomenological source. In
this case the Bianchi identities yield the equation of motion, and it will be seen that
this also shows that the scalar field of nonmetricity exerts no forces on particles.4
To see the details, consider the variational principle,
2Others have adopted a “Kosmann coupling,” which includes a term proportional to the trace of
the nonmetricity[8].
3The scalar field does not couple to electromagnetism either. If we assume that the electromag-
netic field, Fµν , is obtained from Minkowski space through minimal coupling, i.e., ∂µ → Dµ, then,
with (12), the nonmetricity does not couple to electromagnetism.
4In fact, the nonmetricity acts like the cosmological term, and it will be seen that it can drive
the universe through an expansive phase, and then die away.
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δ(Ig + Im) = 0 (13)
where5
Ig =
1
16pi
∫ √−gRd4x (14)
and
δIm ≡ 1
2
∫ √−gT µνδgµνd4x. (15)
In the above, R represents the full curvature scalar in non-Riemannian spacetime,
with torsion set equal to zero, and the nonmetricity given by (12). Taking independent
variations with respect to gµν and φ yields
Gµν + tµν = 8piT µν (16)
where hereGµν is the usual Einstein tensor in Riemannian space, tµν = (3/4)(gµνφ,σφ
,σ−
2φ,µφ,ν) and
✷φ = 0. (17)
The Bianchi identity gives Gµν;ν = 0 so that
8piT µν;ν = −
3
2
φ,µ✷φ. (18)
with 17, this shows that particles with no structure follow along geodesics and mat-
ter is conserved, which agrees with the Dirac coupling, which showed there is no
interaction. Also, since there is no source, (17) shows there are no φ ∼ 1/r type
solutions.
3 Cosmology
All these results suggest that φ should be interpreted as a cosmic field, and in an
isotropic universe, that it should only be a function of time. In fact, assuming that
ds2 = a2(η)(dη2 − dχ2 − sin2 χdθ2 − sin2 χ sin2 θdφ2) (19)
5The curvature tensor is R σβµν = Γ
σ
µν,β − Γ σβν,µ + Γ σβφ Γ φµν − Γ σµφ Γ φβν
and Rµν = R
σ
σµν .
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(17) gives
φ′ ≡ φ,η = 2A
a2
(20)
where A is a constant and
G 00 = 8piT
0
0 +
3A2
a4
. (21)
Alternatively, one may use ds2 = dt2− (1−kr2)−1dr2− r2dθ2− r2 sin2 θdφ2 where
φ˙ = φ,t = 2A
2/a3 and (21) becomes
a˙2 + k =
L
a
+
A4
a4
(22)
where L = 4M/(3pi), the constant M is given by ρ = M/(2pi2a3), T 00 = ρ, and
k = 1,−1, 0 for a closed, open, and flat universe.
Equation (22) shows that for large a the effect of the scalar field dies away, but
for small a dominates over the matter terms. This shows that the scalar field of
nonmetricity may be viewed as a variable cosmological term. It explains in a natural,
i.e., geometrical, fashion why the cosmological term is dominant in the early universe,
and why it decays to zero in the late universe. Only when a ∼ 3
√
A4/L does matter
weigh in.
As a simple case let us consider a spatially flat universe. Let us compare the solu-
tion when only matter is present and call this aρ to the solution when only the scalar
field is present (early universe), aρ. For these special cases (22) may be integrated,
from which we see,
(
aφ
aρ
)3
∼ 1/t, (23)
showing that at early times the scalar field drives the expansion of the universe, and
that it fades away at later times. In this view, the nonmetricity acts as a helping
hand, expanding the universe when it was a baby and, like a good parent, steps away
as the universe ages. Future work will examine positive and negatively curved spatial
geometry, as well as the general problem of obtaining solution with both matter and
the scalar field present.
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